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This paper investigates the stability of an incompressible inviscid rotatory 
couette flow confined between two corotating and coaxial vertical cylinders 
under the force field of gravity. The stationary distributions of density and 
pressure are functions of the radial and axial coordinates with the azimuthal 
component of velocity being an arbitrary function of radial coordinate. The 
perturbations concerned are axisymmetric and infinitesimaly small in nature. 
Sticient criteria of instability are derived for both vertically stable and 
unstable density stratifications’ and this clearly shows that the necessary and 
sufficient character of Rayleigh’s criterion does not hold good in the present 
circumstances. 
1. INTRODUCTION 
A fluid, in general, is nonhomogeneous and one of the ways in which it 
manifests its nonhomogeneity is through gravitational force. One might not 
always be justified in neglecting the gravitational effects but quite often 
these effects may be small as compared to other effects present in a problem. 
As a step towards handling a physical situation in a more realistic way, in the 
recent past, the effects of density variations are being included more and 
more in stability discussions of stationary flows. It has clearly been pointed 
out in Benard problem by Banerjee [l] that the neglect of even a very small 
fluid nonhomogeneity can give rise to unsatisfactory results. 
It is in this context that we investigate the effect of gravity on the stability 
of stationary circular flows of an incompressible fluid between two corotating 
and coaxial cylinders. Some attempts have already been made to include a 
radial stratification in the fluid, for example Yih 161 studied the situation 
for a viscous fluid between two rotating cylinders and with a thermally 
effected radial stratification and showed that even if the angular momentum 
increases outward the fluid may be unstable because of thermal diffusivity, 
but never before in the stability literature of the problem had the force field 
of gravity been taken into account. 
1 Stable and unstable vertical stratification throughout the paper refers to the 
static case. 
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In the present paper, the character of equilibrium of an incompressible 
inviscid rotatory couette flow has been mathematically analysed against all 
axisymmetric perturbations under the force field of gravity. The stationary 
state solutions of density and pressure are functions of the radial and axial 
coordinates. It is interesting to note that with radial and axial velocities 
being zero and the azimuthal velocity being an arbitrary function of r in the 
stationary state, an axial density stratification in the fluid automatically 
implies a radial stratification in order that the equations of motion are 
satisfied. The stability problem thus formulated incorporates in itself the 
features of centrifugal instability, the buoyancy driven instability and the 
coupling terms. Both the cases namely, (i) stable and (ii) unstable, vertical 
density stratification have been analysed and a sufficient criterion of insta- 
bility is derived in each case. From one of these criteria it follows that even 
if the angular momentum increases monotonically outward, the system may 
still be unstable because of the presence of an unstable vertical density 
stratification. Thus Rayleigh’s criterion [2] is not valid in the present case. 
It also shows that the results of the classical rotatory couette flow problem 
may qualitatively differ if one takes gravity into consideration. 
2. MATHEMATICAL FORMULATION 
It can easily be verified that hydrodynamical equations governing an 
incompressible inviscid fluid in cylindrical polar coordinates (I, 8, z) allow 
the stationary solution, 
u, = u, = 0, %J = v(r), 
together with, 
where V(T) is an arbitrary function of r while h and p,, , respectively denote a 
real parameter and a real positive constant. In the above equations u, p and p, 
respectively denote the velocity vector (whose components in I, 0 and z-direc- 
tions are u, , u, and uz , respectively), the density and the pressure at any 
point. We note here that the above stationary solution as given by Eqs. (l-3) 
also represents the stationary solution of the corresponding problem for a 
viscous fluid where V(Y) has the form V(r) = Ar + B/Y, A and B being real 
constants which are determinable in terms of the constant angular velocities 
of the two cylinders. This makes the present discussion more desirable in the 
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sense that we can expect to have an idea about the true qualitative picture of 
the corresponding viscous problem in the limit of vanishingly small viscosity. 
The extension of the present work to the case of viscous fluids is being com- 
municated separately. 
Consider an infinitessional axisymmetric perturbation of the flow repre- 
sented by the stationary state solution as given by Eqs. (l-3). Let the velocity, 
density and the pressure in the perturbed state be respectively described by 
where 
(% , 1’ + % , 4; P +a,, P + SPv (4) 
n being a constant which is complex in general. Further if the fluid motion 
takes place between two coaxial vertical cylinders, then ur must vanish on 
the walls of the cylinder. The boundary conditions of the problem are thus 
given by, 
u&z, 2) = u,(b, z) = 0. (6) 
We make use of the transformation W(Y, x) = SF/p and eliminate SF from 
the resulting linearised perturbation equations to put them in a form in 
which the coefficients are independent of z. Now taking the z-dependence of 
the perturbations as exp(ikx) where wave number K is real and positive, the 
governing equations can be simplified and the following single equation in 
~2~ [where ~2,. denotes the r-dependence in &(Y, x)] is obtained: 
g(n2 - Ag) ~*(d*/dr*) li, + [n*(g - hv*) - hg(g + 2ikV2)] r(d/dr) li, 
+ [n2(-gk2r2 + Agikr* - AV* - g) + M2V4 - 2gk*rV((dV/dr) + (t’ir)) 
+ 2hgikV* + Ag2] Ei, = 0. (7) 
The above equation is to be considered with the boundary conditions, 
?&(a, z) = d,(b, z) = 0. 63) 
Equations (7) and (8), for given values of g, k, h and I’ present a characteristic 
value problem for r.9 on whose character will depend the stability or otherwise 
of the system. In the subsequent mathematical analysis, we shall write u, in 
place of ti, for convenience. 
3. AUXILIARY THEOREMS 
In this section we establish some results which will be used in the later 
derivations. 
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It is evident from Eqs. (7) and (8) that if (n, u,) is a solution for given 
values of the other parameters than (-n, u,) is also a solution for the same 
values of the parameters. Therefore, n2 < 0 for all wave numbers k > 0 will 
imply stability of the system while n2 > 0 or a complex number, even for a 
single k > 0 will mean instability. 
Next, consider the definite integrals 
II = s bf(+Lr* %dr, I, = a s bf(r)ur*fgdr, a 
where u,* is the complex conjugate of II, and f(r) is a real valued continuous 
function of I having continuous derivatives at least up to second order. Then 
it can easily be established that 
and 
where Re means real part. 
THEOREM 3.1. If X > 0 and n2 is real then 
-2gn2 s” r2 / s 1’ dr + r [n2 1-g + hr (T - 7) -2gk”$/ 
a a 
+ I$?” - +j] (u,12dr ~0, 
where r-W is Rayleigh’s discriminant and 
CD = (d/dr) [(TV)~]. 
(9) 
(10) 
(11) 
(12) 
Proof. We multiply Eq. (7) by ur* and integrate over [a, b] to obtain 
g(n’ - Ag) 1” r2u,* s dr 
a 
+ j 
a 
[n”(g - XV) - Ag(g $- 2ikV2)] YU,.* 2 dr 
+ Jb [ny-gw + hg’h 2 
a 
2 r - xv2 -g) + Xk2V4 - 2gh”rV ($ + +) 
+ 2ghikV2 + ~gz] I u, I 2 dr = 0. (13) 
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To evaluate the various definite integrals in Eq. (13) we make use of (9) and 
(10). Thus we have 
Re 1 u,. I2 dr - s” rz 13 1’ dr, (14) a a 
and 
Re (.b [&J(g - XV) - hg2] YU,* 2 dr 
-a 
1 b 
(15) 
z-- 
i[ 2 a 
$(g - /\q - hg2 - 2n‘+/\V dv dr] I u, I2 dy. 
Now since n2 is real, we have from the real part of Eq. (13) 
g(n2 - hg) [I; 1 u, I2 dr - ,l r2 12 1’ dr] 
1 b -- 
2 I[ 
I a n2(g - hV2) - hg2 - 2m2hV 3 ( II, (2 dr 
+ ny --g&2 - ;\7’2 - g) + Ak2V4 - 2gk2rV 
b 
x Iu,12dr+Im 2AgkV2ru, dr *du,dy=O , (16) 
a 
where I, denotes the imaginary part. Further, A being positive one gets 
Equation (16) when combined with inequality (17), yields, after a little 
simplification, the required result. 
THEOREM 3.2. For all values of h # 0 and for real n2, it is true that 
n2A + gk Ib $?$ @ dr = 0, 
(2 
A = gk \” Y 1 u, I* dr - I,,, i” V2u,* 2 dr. 
- a a 
(18) 
(19) 
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Proof. Equation (7) can alternatively be written as 
g(n2 - hg) $ [r +] - [hfiw + 2ikkV2] fg 
+ [ny-gk2rz + iAgkG - hV’2 - g) + Xk21’4 + Ag’ (20) 
+ 2iAgkV2 - 2gk2rV ($ + Y,] T = 0. 
We multiply Eq. (20) by I+* and integrate over [a, b]; then the imaginary 
part of the resulting equation gives (since h # 0) 
b - nv, s V%,* 2 dr - 2gk Re 1” VZu * &?L &. n a ’ dr 
+ n2gk s” r 1 u, I2 dr + 2gk 1: 7 1 u, I2 dr = 0. 
a 
(21) 
We note here that the first term of Eq. (20) when multiplied by u,* and 
integrated over the range of I gives 
[r +] dr = - g(n2 - Ag) I”, I 1% 1’ dr, (22) 
which is real and hence does not contribute in Eq. (21). Now making use of 
Eq. (lo), we get 
s 
b 
Re v2u*&&=-~ ’ dV2 
a ’ dr 2 s 
~ dr I UT I2 dr. (23) 
Then, Eqs. (23) and (21) can be combined to give, 
#A + gk 1” J-f$ @ dr = 0, 
a 
which proves the theorem. 
We observe that the sign of A as given by Eq. (19) can not be determined 
as the sign of second term in Eq. (19) is completely unknown although the 
first term is positive definite. 
THEOREM 3.3. If @ < 0 every where in (a, 6) then n2 cannot vanish for 
any )1. 
Proof. Let n2 be zero; then for all h # 0. One gets from equation (18) that 
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which is not possible since @ < 0 every where in [u, b]. Further, for X = 0, 
one gets from Eq. (13) that 
which is again not possible. Hence n2 # 0 for any X if @ < 0 everywhere 
in [a, b]. 
4. SUFFICIENCY THEOREMS FOR INSTABILITY 
We shall now prove certain theorems which give sufficient conditions of 
instability. Both the cases namely, (i) h > 0 and (ii) X < 0, are analysed. 
THEOREM 4.1. If X > 0 and everywhere in [a, b], we have 
-g+hY[z-q <f-J, 
then the system is unstable. 
Proof. Let us assume that n2 is real and inequality (24) is satisfied. Further 
since h > 0 and n* is assumed to be real, inequality (11) of Theorem 3.1 
is valid. Then the following three cases can arise: (i) @ < 0 everywhere in 
[a, b], (ii) @ > 0 everywhere in [a, b], and (iii) 0 changes sign at least once 
in [a, b]. 
Clearly, for case (i), inequality (11) shows that n2 cannot be negative or zero 
whenever (24) holds good. This means that n* must be positive or else com- 
plex both of which imply the instability of the system. It is to be noted here 
that @ < 0 everywhere in [a, b] implies (dV/dr) - (V*/Y) < 0 every where 
in [a, b], so that condition (24) is automatically satisfied. 
For case (ii), we have that n2 cannot be negative or zero for those wave 
number k which satisfy, 
k2<&. 
*ax 
(25) 
Therefore, these wave numbers destabilize* the system and hence by definition 
the system is unstable. 
In case (iii) when D(Y) changes sign in [a, b], we have from condition (24) 
that, 
(Q/y) < (g/N + 3P. W-3 
e Here it is used in the sense of couette flow which is stable for @ > 0 in the absence 
of stratificatioqx 
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Inequality (11) can now be written as follows: 
- 2gr.G i” Y* 1% /* dr + ,I [n* I- g + Xr (T - 7) - 2gk2r2/ 
a 
(27) 
+ iAg* - 2gk* (+ + 31/)/l 1 u, I2 dr -c 0. 
It indicates that case (iii) becomes similar to case (ii) and hence the wave 
numbers which satisfy 
Is* -c (AgP{g/A + 3(~*)max}) (28) 
make the system unstable. Thus the theorem is completely proved. 
COROLLARY 4.1. A sufficient condition of instability of the system for X > 0 
is that everywhere in [a, b], we have 
(dF/dr) - ( L’*/‘Y) < 0. (2% 
The result follows immediately from Theorem 4.1. 
Before proceeding further, we shall discuss the consequences of the above 
theorem and the corollary in the light of the known results of rotatory couette 
flow problem of a homogeneous fluid. In fact, according to Rayleigh’s 
necessary and sufficient criterion, @ < 0 everywhere in [a, b] implies insta- 
bility. In the present circumstances when h > 0 and Q, < 0 everywhere in 
the domain, the above unstable character of the system remains in tact. Of 
course, we strongly expect such a behaviour since h > 0 means vertical 
instability while Cp < 0 implies centrifugal instability for a homogeneous 
fluid. But what is very important is the fact that for X > 0 and @ > 0 every- 
where in [a, b], there always exist wave numbers for which the system is 
unstable for velocity profiles which satisfy either of the sufficient conditions 
(24) or (29) although in the absence of any density stratification di > 0 
everywhere in [a, b] implies that the system is stable even for velocity profiles 
which satisfy (29). Th is establishes the fact that although buoyancy effects, 
the centrifugal effects and the coupling effects are present in the governing 
equations, buoyancy driven instability (A > 0) may dominate over centrifugal 
stability and make the system unstable. 
To show the wider range of applicability of condition (24) over (29), 
consider the velocity profile given by V(Y) = Br2, B being a dimensional 
constant satisfying B < [g/hb4]1/2. It is an unstable profile according to condi- 
tion (24) although one can not conclude this fact from the sufficient condition 
(29). Further condition (24) also indicates that when the sufficient instability 
condition (29) is everywhere violated [That is, (dP/dr) .- (V/Y) > 0 
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everywhere in [a, b] which in turn implies @ > 0 everywhere in [a, b]], 
the smaller positive values of h appear to destabilize the configuration while 
the larger positive values of h might violate condition (24). This, however, is 
not contradictory because violation of (24) everywhere in [a, b] does not 
necessarily imply stability of the system. On the contrary we feel that the 
system will still be unstable. 
THEOREM 4.2. If n2 is a continuous function of A and A < 0, then a su..cient 
condition of instability of the system is that @ < 0 everywhere in [u, b]. 
Proof. Let @ < 0 everywhere in [a, b] and let the system be stable, if 
possible, for h < 0. But we already know that for X = 0 and @ < 0 every- 
where in [a, b] the system is unstable and n2 > 0 [2]. Therefore, it follows 
from continuity of n* as a function of h that n* must vanish for some negative 
value of h. This is contradictory to Theorem 3.3. Hence n* must be positive 
or complex, showing thereby that the system is unstable. 
CONCLUDING REMARKS 
Theorem 4.2 is proved under the assumption that ns is a continuous 
function of h. It appears to be a difficult task to prove it in its full generality 
in the context of the present problem. However, it can be established in a 
limited sense. For instance if the values of ns are not repeated for given values 
of the parameters then n2 is a continuous function of h. But then it remains 
to show that n* is simple. Further, most of the authors, in the literature 
when faced with such a situation make an explicit or implicit assumption 
about it. For this, among others, one may be referred to Joseph [4], Chan- 
drasekhar [3], and Warren [5]. In the absence of clear understanding of this 
point, we also make an assumption here. We hope to resolve this question 
in a later communication. 
As has already been remarked at the out set, the main aim of undertaking 
the present investigations is to analyze whether the results of classical couette 
flow of an inviscid, incompressible fluid differ from those when considered 
under the force field of gravity. That it really does is very evident from the 
results obtained in Corollary 4.1 in which we have shown that a distribution 
of angular velocity about an axis can be unstable because of the presence of 
an unstable vertical density stratification though the square of the angular 
momentum increases monotonically outward. An example in this direction 
will be the velocity profile V(r) given by, 
V(r) = (4lrh 
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where A,, is a dimensional constant positive or negative. It can be easily seen 
that according to Rayleigh’s necessary and sufftcient criterion, the above 
velocity profile is a stable one while it is an unstable profile in the present 
case, according to the sufficient instability criterion given by inequality (29), 
due to the presence of an unstable vertical density stratification. 
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